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k—2n—59 =43
(iii)

k+2n 459 =1 & k=22, n = —40;

(iv) { k=2n=59=-43  _ }_ 92 n=_19

k+2n+4+59=-1

For n = —19 and n = —40, n? + 59n + 881 = 112,
It results that n? 4+ 59n + 881 is a perfect square for n = —19 and
n = —40.

4. Find the least positive integer n such that
V3zrtl 21 =0
has a complex root z with |z| = 1.

Solved by Arkady Alt, San Jose, CA, USA.
Let z = cos ¢ + isinyp, ¢ € [0,27). Since

1+ cosny + isinne = 2 cos? T +22cos%‘osm n2(p

= ZCOS% (COST —|—zsmT¢)

then
V32"t =1 4 cosne + isinnp

<~ V32"t = 2cos % (cos - + isin 7“9)

yields
V3 |z"+1| =2 ‘cos ne (cos > + isin ?‘P)|

<~ \/§|Z|n+1 = 2|cos—| <~ ﬁ = |cos%‘

2
c>£=|cos%‘ <~ §ZZCOSZ% <~ cosngDI%.

2 2
If cosnp = % then sinnyp = :I:? and 2" = % + ?z

Since z™ +1——:|: \/_ z""‘l:z-z":z(z:tz\z/_) then

V32rtl = 2" 11— /32 (% z\/_) —:I:“/_

2
@z(%i?z) = <§:I:%z)
< z (cos (:I:%) + isin (:I:g)) = cos (:I:%) + 2sin (:I:%)

<= z = cos (ZF%) + isin (:F%) .
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Hence, :I:% = :F%’r + 2kw <= n = +12k — 2,k € Z and, therefore,

the smallest positive integer n satisfying this equation is n = 10. So, a necessary
condition is n > 10.

Let z :cos% +isin% and n = 10 then

10 10w . . 10w 57 . . Bbwr 1 i3
z'" =cos—— +1sin—— = cos — +18in— = = — ——
6 + 6 3 + 3 2 2’
11w, . . 11w /3 1.
11 _ — _ =
z7 = cos 6 + 2 sin A 2 22,
. 1
and\/gz’ﬂ'l=%—\/T§z=1+§—§=1+z".

Thus, the least positive integer n such that 4/3z"*+* — 2™ —1 = 0 has a complex
root with |z| = 1 is 10.
5. Let pr denote the k™ prime number. Find the remainder when

2550

S

k=2
is divided by 2550.
Solved by Konstantine Zelator, University of Pittsburgh, Pittsburgh, PA, USA.

First we factor 2550 into prime powers: 2550 = (255)-(10) = 5-51-10 =
5.3-17-2:5. So, we easily see that

2550 = 2-3-.52.17. (1)

First, note that ps = 3, ps = 5, and pr = 17. We will first find the congruence
4

o ps—1 pz—1 p7—1 .
classes the three integers py , P3® 7, and py” ; belong to modulo 2550. We

4_
start with ph? t—g3'-1 — 380

Clearly
3% = 0 (mod 3) and 3% = 1 (mod 2). (2)
By Fermat’s Little Theorem, 31¢ = 1 (mod 17); and so
380 = (3195 = 1° = 1 (mod 17). (3)
Consider 38° modulo 52 = 25. First
3% = (34)2 = (81)® = (6)% = 36 = 11 (mod 25).
So that,
380 = (3%)1° = (11)'° = (11?)® = (121)° = (—4)°
(—4)*- (—4) = (256)(—4) = 6-(—4)
—24 = 1 (mod 25) (4)



